Lattice QCD plays an essential role in testing and determining the parameters of the CKM theory of flavor mixing and CP violation. Very high precisions are required for lattice calculations analysing CKM data; I discuss the prospects for achieving them. Lattice calculations will also play a role in investigating flavor mixing and CP violation beyond the Standard Model. §1. Introduction
§1. Introduction
The Cabibbo-Kobayashi-Maskawa (CKM) matrix 1), 2) parametrizes the couplings between flavors of quarks under the weak interactions. Quarks are believed to be permanently confined within hadrons, and the dynamics of quarks and gluons in hadrons is nonperturbative. Lattice quantum chromodynamics (QCD) is the only general method for performing nonperturbative calculations in QCD, so it is not surprising that many analyses of the physics of the CKM matrix require lattice QCD calculations.
If the Standard Model of particle physics is solely responsible for flavor mixing, the CKM matrix will be unitary, and parametrizable with four parameters, such as those of the Wolfenstein parametrization, 3) A, λ, ρ, and η: The rows and columns of unitary matrices are orthogonal, satisfying
The off-diagonal combinations vanish, and can be represented by triangles in the complex plane. The best-known of these is
If this equation is divided by V cd V * cb and parametrized as in the right side of Eq. (1 . 1), one obtains the familiar ρ-η unitarity triangle of Fig. 1 . If the CKM matrix is the full story of flavor physics and the matrix is unitary, measurements of ρ and η should all be consistent, whether they are obtained via V ub , V td , or through some other constraints. Conflicting determinations of ρ and η would constitute evidence for physics beyond the Standard Model.
Lattice analyses of meson decays and mixings provide some of the most important ways of determining CKM matrix elements. Fig. 1 shows some of the most typeset using PTPT E X.cls Ver.0. 4) ) Lattice QCD is responsible for the bounds from KK mixing (light green band) and from BB and BsBs mixing (yellow and orange bands). It helps with the bound from |V ub | (dark green band).
important constraints on ρ and η. In KK mixing (light green band), and in BB and B s B s mixing (yellow and orange bands), lattice QCD is the only first-principles way of determining the nonperturbative parameters that relate the quark scattering amplitudes of the Standard Model Lagrangian to the meson mixing parameters observed by experiment. In meson decays, determinations of CKM elements from nonperturbative lattice calculations of leptonic and exclusive semileptonic decay amplitudes provide an important complement to determination from inclusive decays via perturbative QCD. All of the CKM matrix elements except V tb can be determined from one of these exclusive processes with lattice QCD. Table 1 shows the CKM matrix elements and the process to which each is most sensitive: meson leptonic decay constants, f M , exclusive semileptonic decays, M 1 → M 2 lν, and meson-antimeson mixing amplitudes, < M |M >.
Lattice Quantum Chromodynamics is a tool for understanding strongly interacting QCD at low energies, where QCD perturbation theory fails. It is an essential tool for studying weak interactions in low-energy hadronic physics because the effects of weak interactions involving quarks are shrouded at low energies by the effects of the strong interactions. These strong-interaction effects must be understood quantitatively before the weak interaction properties can be inferred. For example, when a meson decays weakly into leptons, the decay amplitude is proportional to both a CKM matrix element and a hadronic decay constant, which parametrizes the amplitude for the two valence quarks in a meson to interact at a point.
In lattice QCD, quantum fields for quarks and gluons are defined on the sites and links of a four-dimensional space-time lattice. The quantum fluctuations of the fields described by the field theory path integral are calculated with Monte Carlo methods. The physical theory is defined as the zero-lattice-spacing limit of the lattice theory. Because the number of degrees of freedom in the path integral becomes infinite in this limit, this limit is computationally expensive. In the last decade, due to improvements in methods, in algorithms, and in computers, lattice QCD calculations have become able to produce serious, firstprinciples results for many simple but important quantities. Prime among these for CKM physics are the decay constants, exclusive semileptonic decays, and mesonantimeson mixing amplitudes of stable mesons. Stable pseudoscalar mesons are among the most tractable quantities for current lattice methods. They have the smallest and best controlled uncertainties for statistical errors, finite volume errors, and other quantities. Since they also provide some of the most accurate CKMrelated experimental results, they provide the most accurate determinations of the CKM matrix from lattice QCD.
Current lattice calculations are done on computers that are a factor of 10 8 more powerful than the VAX 11/780s on which the first numerical lattice QCD calculations were done. Remarkably, just as large a factor of improvement has come from improvements in algorithms, and an even larger factor has come from improved methods. This has made it possible to abandon the tactic in early lattice calculations of ignoring the effects of quark-antiquark pairs (the "quenched" approximation). The most serious lattice calculations are now all unquenched. Lattice calculations contain errors due to discretization, to extrapolation to the chiral limit, to operator normalizations, etc. Estimating the expected precision in light of these uncertainties is a key element in serious lattice calculations. The errors due to discretization have been greatly ameliorated by the use of improved actions. There are a half dozen families of actions for discretizing fermion fields with widely disparate virtues and drawbacks. Which, if any, is best for any given purpose is still contentious. The good news for observers and customers of lattice calculations is that many important quantities are becoming available in several types of quark methods, so that outsiders can see for themselves how well they agree.
Most quantities that have been calculated so far with lattice QCD agree well with nonlattice results to the expected precision. A few, however, do not, and Lellouch 5) (for kaons) and by Gamiz 6) (for heavy flavor). I will often refer to their talks for the state of lattice CKM data, and will often use their averages rather than provide a complete review here. I will discuss only unquenched lattice results, mostly with three light flavors, sometimes with only two. I will discuss all of the CKM matrix elements, but I will go into more detail where there is something interesting to say, and discuss others more briefly.
In this article, I am grouping together CKM matrix elements which can be derived from related physical quantities and calculated with related methods. For each set of elements, I will then discuss methods to determine them. In the next four subsections, I discuss:
• V cd and V cs . These may be obtained from lattice calculations of leptonic and exclusive semileptonic decays of D and D s mesons.
• V ub and V cb . These may be obtained from leptonic and exclusive semileptonic decays of B mesons.
• V ud and V us . These are obtained from pion and kaon leptonic and semileptonic decays.
• V td and V ts . These are obtained from the meson-antimeson mixings < B|B > and < B s |B s >. I also discuss < K|K > mixing in this section. These quantities constitute the core of lattice CKM phenomenology.
V cd and V cs
|V cd | and |V cs | can be derived from leptonic and exclusive semileptonic decays of D and D s mesons. In both cases, the processes are related to each other by SU(3) flavor symmetry.
f Ds presents one of the very few disagreements between lattice calculations and other results. I will therefore discuss these calculations in detail. The HPQCD collaboration has calculated the four decay constants f π , f K , f D , and f Ds 7) with an improved form of staggered fermions called "HISQ" quarks ("highly improved staggered quarks"). 8) Staggered fermions have multiple poles in quark propagators which cause a doubling of quark flavors, and whose effects must be removed from physical calculations. Transitions between these multiple poles (or "tastes" in lattice jargon) cause significant discretization errors. The usual improved staggered fermions (so-called "asqtad" fermions) remove these taste breaking effects at the one-gluon level. HISQ quarks remove two-gluon scattering effects as well. In addition, to apply HISQ to charm quarks, HPQCD has calculated the O(ma p ) errors to a high order and removed them. ((ma) 4 turned out to suffice for sub-per cent precision.) These improvements allowed the calculation of the four decay constants to higher precision than ever before. They obtained: 7) f π = 157(2)MeV (2 . 1)
The first three agree with experiment to within the stated precisions, a few per cent, but f Ds presents a puzzle, as I now discuss. also shows the value of f D from CLEO-c, 12) and a recent preliminary HFAG world average, 13) f Ds = 263.9(6.7) MeV. The results for theory and experiment are nicely compatible for f D (as they are far the vast majority of lattice calculations), but disagree significantly for f Ds . This discrepancy is the largest discrepancy that has arisen in lattice phenomenology. It may be resolved by the lattice or experiment moving or changing their uncertainties. The experimental average has come down in the last year, and the discrepancy was 3.8 sigma a year ago. A recent CLEO-c number is lower still, quoting 14) f Ds = 259.5(7.3) MeV, so it is quite possible that the discrepancy will simply disappear. If theory and experiment were to remain inconsistent, the discrepancy could in principle be an indication of new physics. 15)
The shape of D semileptonic decay was predicted by lattice calculations 16), 17) before its precise measurement, and subsequently confirmed by the Focus, BaBar, and Belle experiments. Fig. 3 shows the shape of the form factor f + (q 2 ) for the decay D → Klν calculated on the lattice 16), 17) (orange and yellow bands), and as measured in experiment (points) by Belle, 18) BaBar, 19) and CLEO-c. (25), (2 . 6) where the errors are from experiment and theory. Improved lattice calculations are underway for the theoretical errors. Prospects for the theoretical uncertainty to be significantly reduced are very good.
V cb and V ub
These can be directly determined from the leptonic and exclusive semileptonic decays of B mesons.
In analyses that assume the unitarity of the CKM matrix, |V cb | enters with a high power. For example, the kaon mixing parameter is proportional to |V cb | 4 , and |V cb | contributes as much uncertainty to the theoretical prediction for as the kaon mixing parameter B K , in spite of the fact that |V cb | is known to much higher precision.
Fortunately, it is possible to determine the form factors in B → Dlν and B → D * lν decays much more precisely than is possible in most leptonic and semileptonic decays. The case of B → Dlν is especially simple to analyze. It is possible to connect |V cb | with the semileptonic form factors via a quantity in which the uncertainties cancel almost completely in the heavy-quark symmetry limit. The form factor may be obtained from the double ratio: 23) 
The factors in the denominator are used in the vector current renormalization required in this amplitude. This ratio approaches one in the heavy-quark symmetry limit. In lattice calculations, uncertainties cancel almost completely in this limit. For physical values of the b and c quarks, uncertainties are proportional to deviations from the symmetry limit to high precision. h + is the dominant term in the function G B→D for the decay B → Dlν. An unquenched lattice calculation gives 17)
Using |V cb |G(1) = (42.4 ± 1.6) × 10 −3 from HFAG, 24) this produces 9) where the theory errors have been added in quadrature. The total error for |V cb | from B → Dlν is dominated by experiment. Experimental errors for B → D * lν are smaller. From the Review of Particle Physics, 25) |V cb |F(1) = (35.9 ± 0.8) × 10 −3 . Hashimoto et al. 26) defined a somewhat cumbersome combination of ratios from which F(1) can be determined. Bernard et al. 27) investigated the much simpler ratio
from which F(1) can also be determined. While calculational uncertainties do not cancel in this ratio as completely as in the ratios introduced earlier, they cancel to a high accuracy, and because this quantity can be calculated ten to twenty times faster than the set of ratios introduced earlier, 26) determinations of F (1) 
Comparison between theory and experiment for B → π ν has been more troublesome than for other lattice calculations in CKM physics. Leptonic decays and BB mixing amplitudes are described by a single parameter. The semileptonic decays B → D ( * ) ν and K → π ν can be described to high accuracy by a normalization and a slope. For B → π ν, on the other hand, the form factors have a complicated q 2 dependence. Lattice data have covered only the low momentum, high q 2 end of the pion momentum spectrum, and errors are highly q 2 dependent and highly correlated in both theory and experiment.
It has long been understood that analyticity and unitarity can be used to constrain the possible shapes of form factors. Consider mapping the variable q 2 onto a new variable, z, in the following way: 12) where
, and t 0 is a free parameter. Although this mapping appears complicated, it actually has a simple interpretation in terms of q 2 ; this transformation maps q 2 > t + (the production region) onto |z| = 1 and maps q 2 < t + (which includes the semileptonic region) onto real z ∈ [−1, 1]. In the case of B → π ν, the physical decay region is mapped into roughly −0.3 < z < 0.3. In terms of z, the form factors can be written in a simple form:
Most of the q 2 dependence is contained in the first two, perturbatively calculable, factors. The Blaschke factor P (q 2 ) is a function that contains subthreshold poles and the outer function φ(q 2 , t 0 ) is an arbitrary analytic function (outside the cut from t + < q 2 < ∞) which is chosen to give the series coefficients a k a simple form. See 28) , 29) and references therein for the explicit forms of these expressions. With the proper choice of φ(q 2 , t 0 ), analyticity and unitarity require the a k to satisfy
14)
The fact that −0.3 < z < 0.3 means that according to analyticity and unitarity, only a few terms are required to describe the form factors to 1% accuracy. Calculations have been performed by the Fermilab Lattice and MILC collaborations 28) using Fermilab b quarks, and by the HPQCD collaboration using NRQCD b quarks. 30) Figure 4 shows the result from Fermilab/MILC of a fully correlated 
2458
Many of the details of the HPQCD calculation of B → π ν are the same as described for heavy-2459 light decay constants in the previous section. They use NRQCD b quarks and asqtad light quarks.
2460
On the coarse, a ≈ 0.12 fm ensembles, they perform the calculation on four unquenched ensem- E π . They also show that they obtain consistent results with simpler chiral extrapolation methods.
2465
They perform fits to their data using the z-fit method described above, as well as several other func- Because the 10% uncertainty comes from a simultaneous fit of the lattice and experimental data, it contains both the experimental and theoretical errors in a way that is not simple to disentangle. If we make the assumption that the error in |V ub | is dominated by the most precisely determined lattice point, we can estimate that the contributions are roughly equally divided as ∼ 6% lattice statistical and chiral extrapolation (combined), ∼ 6% lattice systematic, and ∼ 6% experimental. The largest lattice systematic uncertainties are heavy quark discretization, the perturbative correction, and the uncertainty in g B * Bπ , all about 3%. HPQCD has obtained compatible results using NRQCD b quarks and asqtad light quarks. The direct observation of the leptonic decay of the B into a τ and its neutrino has become increasingly precise. The world average 25) of Γ (τ + ν)/Γ total = 1.4(4) × 10 −4 allows a determination of |V ub | to 14%. While not (yet) competitive with the determination for B → πlν, this is a level that would have been hard to imagine a few years ago. |V us | may be obtained in two ways from ratios. |V us /V ud | may be obtained via the ratio of pion and kaon decay constants f π /f K . |V us | may be directly obtained from a double ratio similar to that used to obtain |V cb |. or about 0.8% uncertainty, dominated by theory.
K → πlν
Like B → Dlν, the semileptonic form factor for the decay K → πlν may be obtained from a double ratio. In the case of K → πlν, flavor SU(3) symmetry ensures that most statistical and systematic errors cancel in the symmetry limit, so that errors are very small in the physical case. One starts from the double ratio
The denominator factors remove current renormalizations. As shown by Becerivic et al., 38) by interpolating in q 2 to obtain f 0 (q 2 = 0) and using f + (0) = f 0 (0), one obtains the required form factor f + to high accuracy. Lattice results for f + (0) were reviewed in Lellouch, 5) with the average f + (0) = 0.964(5). The experimental result for Kl3 decay is 39) |V us | × f + (0) = 0.21664(4). This gives (12), (2 . 21) or about 0.5% accuracy. Thus, the accuracies obtained for the unitarity test of Eqn. (2 . 17) via these two methods are reaching the required 0.5% level. Because the quantities involved are unusually simple lattice quantities, and because the necessary information can be obtained from ratios in which most uncertainties cancel, the prospects are good for surpassing the required accuracy soon.
In 1984, Leutwyler and Roos made the estimate 40) f + (0) = 0.961 (8) . This estimate has stood the test of time remarkably well. It is in agreement with modern lattice calculations, and lattice calculations have only recently surpassed it in precision. Some lattice calculations, such as heavy meson decay constants, have revealed that QCD predicts something quite different from the old conventional wisdom that had been arrived at via quark models. In K → πlν decay on the other hand, Leutwyler and Roos's rough estimate of twenty years ago has proved remarkably robust in the face of more fundamental calculations.
V td and V ts
V td and V ts cannot be determined from tree level processes, but can be determined from loop effects in meson-antimeson mixing. BB and B s B s mixing depend on V td and V ts in a simple way. The kaon mixing parameter depends on a complicated mixture of quantities including V td and V ts , and I will discuss it in this section, too.
BB and B s B s mixing
In B (s) mixing, the quantities f B √ B B , f Bs B Bs , and ξ ≡ f Bs B Bs /(f B √ B B ) are calculated. The mixing amplitudes likef B √ B B are traditionally parametrized by a decay constant and a "bag" parameter, but the amplitude is actually calculated as a single quantity. Many of the usual lattice uncertainties cancel to a large extent in ξ. Its uncertainty is dominated by a combination of chiral extrapolation and statistics. f Bs B Bs has only a mild chiral extrapolation (arising from the sea quarks), but it has a larger share of the usual lattice uncertainties, such as discretization, operator matching, and lattice scale. ξ and f Bs B Bs therefore have relatively uncorrelated uncertainty budgets, and are the most suitable pair of quantities for inputs into global fits. f B √ B B , by contrast, has a larger admixture of all of these uncertainties. The expressions for B (s) mixing can be written
where (5), (2 . 24) where the first error is experimental and the second is theoretical. In spite of the high precision already achieved theoretically for ξ, the even higher experimental precision for ∆M d /∆M s means that a much larger payoff in constraining the CKM matrix will result from further improved lattice calculations, which should be possible. One of the most important possible outcomes of high precision CKM constraints would be an inconsistency in the constraints, indicating new physics. The fact that B and B s mixing originate in loop effects has led to speculation that they may be more sensitive to new physics in the loops than are tree-level processes. In BB mixing, there are five operators in the most general basis for four-quark scattering that can arise in BSM physics. These have been tabulated and evaluated in the quenched approximation by Becirevic et al. 42) It is straightforward to repeat these calculations in unquenched calculations, and efforts to do so are underway.
A comment on DD mixing on the lattice
The calculation of the short-distance part of DD mixing is identical to the BB mixing case just discussed. These calculations have received less attention on the lattice than the analogous calculations in the B system because in DD mixing, there are long-distance contributions from intermediate states. To calculate these on the lattice in a naive way would require a four-point function, as opposed to the threepoint functions used in current BB mixing calculations. This would require a number of numerical operations proportional to the lattice volume, V , squared, as opposed to the O(V ) operations used in current calculations. This is beyond the capability of current computers. It is probably possible to attack long-distance effects with more intelligent methods, but these have not been worked out.
KK mixing
The formula for the KK mixing parameter is
This depends on the renormalization group invariant bag parameterB K and on the CKM matrix elements V cs , V cd , V ts , and V td and on several other correction factors with uncertainties. Many of these uncertainties contribute to the uncertainty in the bound that kaon mixing can give in the ρ-η plane, which makes the prospects for improving the bound more problematic to estimate. World results forB K were reviewed by Lellouch at Lattice 2009, who obtained 5), 43) B K = 0.723 (37) . The largest uncertainties in constraining the ρ-η from arise from B K and V cb . 25) (The latter is in the sense that, assuming CKM unitarity, (V ts V * td ) 2 is proportional to the Wolfenstein parameter A 4 , which in turn is proportional to |V cb | 4 .) However, as illustrated in Lellouch, 5) even if these uncertainties were to be reduced to zero in expression for , there would still be significant uncertainty from the rest of the parameters. In Fig. 1 , one sees that the constraint in the ρ-η plane from is less stringent that those from B and B s mixing and from V ub inclusive and exclusive. Improving this bound will be possible, but complicated.
V tb
This is the only element of the CKM Matrix about which lattice QCD has nothing to say. §3. Present and future lattice calculations
The current generation of lattice QCD calculations
The current generation of lattice QCD calculations serves both to demonstrate the correctness of lattice calculations and to deliver quantities for physics that can only be obtained with lattice QCD. Foundations are also currently being laid for calculations in strongly interacting Beyond-the-Standard-Model theories, should they be discovered. One obvious goal of the current generation of lattice calculations is to demonstrate the correctness of lattice methods, such as by correctly post-dicting the hadron spectrum. Some of the weak matrix elements I have discussed can also serve to do this by constructing CKM-independent ratios of physical quantities. Occasionally, it has been possible to make predictions, even in low energy hadronic physics, such as in the shape of the form factor in D s → Klν decay that I discussed. Also of greater interest to the general community may be the resolutions of the contradictions that have occurred in a few places between lattice results and other results. The lattice results for f Ds lie significantly below the experimental results. There are also interesting two-sigma tensions between inclusive and exclusive results for |V ub | and |V cb |. It is not known at present how these will play out.
The lattice determinations of CKM matrix elements that are the topic of this article are among the most important current deliverables of lattice gauge theory for particle physics and for the world of physics in general. Some of the the fundamental parameters of the Standard Model can be directly determined only with lattice QCD, including the light quark masses and the constraints on the CKM matrix from KK, BB, and B s B s mixing. Some flavor issues may have their resolution in Beyond-the-Standard-Model physics. Lattice calculations are beginning to address these. One example that has become tractable with the current technology of lattice QCD is the search for near-conformal behavior in gauge theories. 44) One explanation for the smallness of flavor-changing neutral currents in the context of Technicolor models of dynamical breaking of the weak gauge symmetry involves an almost conformal fixed point in the symmetry breaking sector. Lattice calculations have begun to search for such theories.
The coming generation of lattice calculations.
I have not said much about prospects for future improvements in the results I have discussed. This is because the prospects for almost all of them are excellent. Most of the most important lattice results in CKM physics involve hadronically stable mesons. These are the simplest hadrons to study on the lattice (or elsewhere), and there are no known impediments to higher precision. Improvements to methods, algorithms, and computers are putting errors such as discretization and chiral extrapolation under increasingly good control. Uncertainties due to operator normalizations fall more slowly with brute force computer power, but here also we are in good shape. Lattice perturbation theory converges more or less as well does dimensionally regulated perturbative QCD. 45) On the lattice, however, there are also nonperturbative renormalization methods available that are not available in the continuum, 46) putting short-distance QCD under better control on the lattice than in the continuum. Achieving the sub-per cent precision required by experiment in KK, BB, and B s B s mixing for bounding the ρ-η plane is by no means an unreachable goal.
An increasing variety of physical quantities will become tractable in the coming years. I have focused in this article on processes with single mesons in the final state, because these are the most precise lattice CKM calculations. Exclusive processes with more than one hadron are more complicated because the translation between Euclidean final states and Minkowskian final states are more complicated than for single-hadron states, but methods exist for some of these. First-principles methods have been worked out for the two-pion decays of K mesons, which are needed to extract CKM properties from / . 47) Chiral perturbation theory can be used to help analyze final states, since the decay pions have relatively small momentum. These calculations are somewhat more cumbersome than single hadron calculations and will require more computation, but can ultimately be done with current methods, and prospects for progress are good. For interesting decays like B → ππ, on the other hand, no practical methods exist, and new methods must be developed. The long-distance contributions to DD mixing have not yet been addressed with lattice calculations. The well-advanced topics I discussed in the previous section are done with two-and three-point correlation functions. The higher-point correlation functions required in DD mixing and similarly in the "light-by-light" scattering nonperturbative contributions to g − 2 for the muon require more advanced methods. Those for light-by-light scattering are now being worked out.
Some Beyond-the-Standard-Model strongly coupled gauge theories are within the reach of current methods, as already discussed. 44) Others, such as the simplest strongly coupled supersymmetric gauge theories are tractable with straightforward extensions of current methods and are being actively investigated. 48) Others will require more significant improvements to methods. These are all being given increased attention as the LHC era dawns. How new data from the LHC will affect these developments is impossible to foresee. With increasingly precise results and a broader variety of applications, lattice gauge theory will continue to play an expanding role in particle physics in the LHC era. 
